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Stability of Linear Systems With Interval Time
Delays Excluding Zero

Carl R. Knospe, Member, IEEE, and Mardavij Roozbehani, Student Member, IEEE

Abstract—The stability of linear systems with multiple, time-in-
variant, independent and uncertain delays is investigated. Each
delay is assumed to reside within a known interval excluding
zero. A delay-free sufficient comparison system is formed by
replacing the delay elements with parameter-dependent filters,
satisfying certain properties. It is shown that robust stability of
this finite dimensional parameter-dependent comparison system,
guarantees stability of the original time-delay system. This result
is novel in the sense that it does not require any a priori knowledge
regarding stability of the time-delay system for some fixed delay.
When the parameter-dependent filters are formed in a particular
manner using Padé approximations, an upper bound on the de-
gree-of-conservatism of the comparison system may be obtained,
which is independent of the time-delay system considered. With
this, it is shown that the conservatism of this comparison system
may be made arbitrarily small. A linear matrix ineqaulity (LMI)
formulation is presented for analysis of the stability of the param-
eter-dependent comparison system. In the single-delay case, an
eigenvalue criterion is also available for stability analysis which
incurs no additional conservatism.

Index Terms—Linear matrix inequality (LMI), robust stability,
time delay.

1. INTRODUCTION

A. System With Interval Delay

In this paper, we are concerned with the development of cri-
teria for determination of the stability of the linear time-delay
system (LTDS)

N
Sa:@(t) = An(t) + > Aga(t — 7).
k=1

ey

Many investigators have examined the stability of LTDS with
much of the effort directed at obtaining delay-independent and
delay-dependent stability conditions (see [6] and [21]). The first
of these are developed to assess stability when the unknown de-
lays satisfy 0 < 73, while the latter are to be employed for de-
termining intervals of stability when the system is not delay-in-
dependent stable [21]. Often in the literature, the term delay-de-
pendent is used interchangeably for an analysis of the first delay
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interval, 0 < 7, < T [6]. Most articles that provide delay-de-
pendent stability conditions use this term in this latter, more
narrow sense. Herein, we will continue to employ the term in
this manner. In both the delay-dependent and delay-independent
analysis problems, the delay may be zero and thus the stability
of the delay-free system A + ch\:l Ay, is a necessary condi-
tion, which may be used in development of the analysis criteria.
However, for many systems of practical importance, the delay
is known to be in an interval 7}, 7] with 7, > 0. Examples
include thermoacoustic instability in combustion systems [1],
[24] and chatter instability in machining [30]. Also, see [3], [20],
[21] for a variety of systems influenced by the stabilizing effect
of delay. In this paper we consider the stability analysis of (1)
with 73, € [, 7%) where 0 < 73, < 7 < o0,k =1,...,N. We
will refer to this problem as the interval-delay problem. The dis-
tinction between the interval-delay and delay-dependent cases
is critical as can be easily seen by considering the single-delay
case (N = 1). It is well known that a LTDS may be stable for
T € [z, 7] but not for some 7 < 7. In fact, there may be multiple
“pockets” of stability in 7 space (see [18], [21], and [22]).

Little has appeared on this analysis problem in the literature.
A result for the single-delay case is provided by [16], which es-
tablishes a necessary and sufficient stability criterion for 7 €
[T, 7], only if it is known a priori that the system is stable for
some fixed delay 7y € [r,7]. This method is based on the
Nyquist criterion and requires a sweep over frequency to guar-
antee stability. A similar result for the multiple interval-delay
problem was provided by Huang and Zhou [15]. This result,
based on the p-framework, required a priori knowledge of the
stability of the system for 7. Furthermore, the result may be
very conservative since the residual uncertain delays 73, — 73
are covered rather crudely [33], [34].

To employ the result of either [16] or [15], the stability of
the time-delay system must be established for a fixed delay
within the interval by a separate analysis condition. This essen-
tially provides a nominal stability foundation upon which the
robust stability results of [15], [16] may be constructed. Sev-
eral observations should be made regarding this nominal sta-
bility predicate and its use in conjunction with an interval con-
dition. First, any method that may be employed for checking it
could also be used for examining stability over an interval via
a sweep of the delay value in the nominal condition. Second, it
may be quite awkward to extend such a two-part analysis frame-
work to controller synthesis, as it may be difficult to elegantly
combine in a common framework the means for checking sta-
bility of the nominal infinite dimensional system and the means
for checking preservation of stability over the interval. Finally,
a computationally efficient, necessary and sufficient condition
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is not available for verifying the stability of the nominal infi-
nite dimensional system. The result of [22] could be considered
for this analysis problem. Here, a necessary and sufficient anal-
ysis technique was provided for the single delay case. This re-
sult, based on the counting of imaginary axis crossings with in-
creasing delay, may be used to establish intervals of stability for
small problems with a single delay. (An interesting earlier result
along these lines was presented in [29].) However, the nature of
the technique (i.e. counting crossings, symbolic analysis) pre-
vents it from being effectively employed for synthesis (or H
performance analysis).

The matrix pencil approach examined in [5] and [21] (Sec-
tion IV-D) may be used to determine stability of systems with
commensurate delays where the delay interval excludes zero.
However, this is achieved in much the same fashion as in [22],
in the sense that stability for such an interval is determined by
starting with analysis of the delay-free system and then moni-
toring imaginary axis crossings of the poles, both into and out
of the right half plane, as the delay value is increased. As recog-
nized in [21], this approach cannot be extended to the non-com-
mensurate delay case. Like [22], the approach is not amenable
to further development for tackling other problems of interest
such as synthesis or H, analysis.

An alternative means for establishing the stability of the nom-
inal infinite dimensional system is the discretized Lyapunov
functional approach of Gu [10], [12]. While this method has per-
formed well in determining stability intervals for example prob-
lems via its repeated application in a bisection, no bound exists
on its conservatism. In this paper, we present an alternative ap-
proach to this stability analysis problem that eschews both the
two-part analysis formulation of [15], [16] and sweep approach
to interval stability of [10].

Finally, we draw the reader’s attention to numerical ap-
proaches to evaluating the stability of delay-differential
equations. Breda et al. [4] presented an approach in which
the infinitesimal generator of the associated semigroup is
discretized to construct a large sparse matrix, the eigenvalues
of which are shown to converge to the roots of the system’s
characteristic quasi-polynomial as the discretization mesh
is refined. In [7], a numerical algorithm involving subspace
iteration on the solution of the delay-differential equation was
obtained by time integration so as to form a large sparse matrix;
the eigenvalues of this are then used to calculate the rightmost
roots of the characteristic equation. Using an LMS method, the
stability of steady state solutions are numerically evaluated in
the DDE-BIFTOOL software package [8]. These approaches
share two attributes that recommend their application to prob-
lems with known delay: 1) they permit the examination of the
stability of LTDS with multiple (noncommensurate) delays;
and 2) they provide information not only upon stability, but also
on root location. For the uncertain delay problem, however,
these approaches are less advantageous than for the known
delay case. While they may, in principle, be employed with
a sweep of the delay value(s) so as to determine intervals of
stability, sweeping through the parameter space for a multiple
delay case would be both computationally costly and somewhat
unconvincing. We note that numerical approaches of this type
cannot be extended to controller synthesis.
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The contributions of this paper are threefold. First, it presents
ageneral approach for developing finite-dimensional, parameter-
dependent comparison systems for interval time-delay systems.
An affirmative result in the stability analysis of the former guar-
antees stability of the latter. Thus, a stability criterion may be
formulated without assuming any a priori knowledge regarding
the stability of the LTDS for some fixed delay within the in-
terval. From a viewpoint of robust control, this result is novel in
the sense that robust stability of the feedback interconnection is
established without requiring either open or closed loop nominal
stability in contrast with small gain and y results. The second
contribution is the systematic construction of particular forms of
comparison systems using Padé approximations of e~*. While
the ad-hoc engineering practice of replacing a known delay with
its Padé approximation can yield completely erroneous results
[28], [31], this paper offers an entirely rigorous criterion for
the unknown delay problem. Finally, the third contribution con-
cerns the conservatism introduced when the parameter-depen-
dent comparison system is employed for analysis of the LTDS.
When obtaining stability analysis criteria for LTDS, significant
conservatism is often introduced in “removing” the infinite-di-
mensional nature of the delay. This conservatism appears due to
both additional dynamics [9], [11], [17] and value-set covering
[34]. Here, it is shown that if the parameter-dependent filters
are developed in the prescribed fashion from the Padé approx-
imation of e~?, the resulting parameter-dependent comparison
system has a bounded degree-of-conservatism which is known
a priori and is independent of the system data.

B. Notation

Let R™*™ (C™*™) be the set of all real (complex) n. X m
matrices, and C 4 (C) be the open (closed) right-half complex
plane. For matrices M = (m;;) € R">"t and N € R">*"2,
M & N denotes the Kronecker product and M @& N denotes the
Kronecker sum. At . (M) is the maximum positive real eigen-
value of M and A}, (M) — 07 when M has no positive real
eigenvalues. In the multiple-delay case, we use 7 to denote the
delay vector [71...7n] and T to denote the delay vector set
Hfj:l['r_k, Tr] == {[r1 ... 7~]|7% € [7&,Tx)}. Whenever N = 1,
we will drop the index number “1.” For instance, rather than
write 71 € 71, 71), we will write 7 € [z, 7]. In this case, we will
denote A; by A, to maintain consistency with the literature.

C. Preliminaries

The characteristic quasi-polynomial for >, is given by

N
Ya(T, s) = det (s[— A— ZAke—rks> )

k=1

@

In the single-delay case (N = 1), we will rewrite (2) as
Ya(7,s) =det(s] — A — Age 7).

To minimize the computation required, we will decompose
A, = HpF;, where H, € R"*% and F;, € R%*™ have
full rank. Define H; = [H; ... Hy], Fy = [FL ... F£]T and
Eq(r,s) = diag{e ™°I,,,...,e ™I, }. Then, we have

Ya(r,8) =det (sT — A — HqEq4(1,3)Fy) .
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If N =1, we denote A; = HyFy, with H; = H; € R"*? and
Fy = F; € R*™,
Definition: The spectral limit of the function 94(7, ) is

o4(7) := sup (Re(s)|va(r,s) = 0).

II. SUFFICIENT STABILITY CRITERION

A. Filter Properties

Consider a parameter-dependent, rational transfer function
ho(8, s), with 6 belonging to ©, a bounded set of real numbers,
and h, (0, s) having the following properties.

Pp — 1) The denominator of h,(f, s) is Hurwitz for all
SHCR

Po — 2) The value set of h,(6,s), 8 € O, covers that of
e ™1 € [1,7), ie.,

{O
E
N

0o (w) Yw >0, where
(w) ={ceCle=ho(b,jw), 0 € O}
{ceCle=eTT, T € [r,7]}.

P, — 3) There exists a § € © such that ho(f, jw) €
Q4(w),Yw > 0.

Remark 1: Property Pp-2 is the conventional value set cov-
ering employed in much of the LTDS literature, although it is
often hidden within the Lyapunov framework [34]. While cov-
ering the value set of the delay element has been traditionally
employed to develop sufficient delay-dependent stability criteria
for LTDS (see, e.g., [33]), it appears not to be sufficient for de-
veloping stability criteria for the interval-delay problem as the
nominal stability necessary to obtain robust stability is not avail-
able a priori. As we will see in the sequel, Property Po — 2,
together with Property Po — 3 may be joined into a more subtle
property that we introduce as strong covering.

Definition 2: The parameter-dependent filter h,, (0, s) is said
to strongly cover e~ ™, 1 € [1,7],if 30 € O s.t.

e~ TU=NIR (0, Ajw) € Qy(w)

Lemma 1 (Strong Covering): Suppose h, (8, s) satisfies Prop-
erties Po — 2 and Pp — 3. Then it strongly covers e~7*. That
is, for any pair {7, A} € [z, 7] x [0, 1] and w > 0, there exists a
0, € O such that h, (0, jw) = e ITA=Nwp, (9, Ajw).

Proof: From Property Po — 3, there exists a § € © such
that for 7 € [, 7] and Aw > 0 we have h, (6, \jw) = e ThIw,
Therefore

e TANI R (G Njw) = eI F = (1 - \)7 4+ MF € [1,7].

From Property Po — 2, there exists a #, € © such that
ho(6,, jw) = e 9™ which yields the desired result. [ |

Yw>0,A€]0,1], T€r,7].
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Remark 2: The strong covering property provides a homo-
topy from the parameter-dependent filter to the delay element
along which the value set of each homotopy function remains
within that of the parameter-dependent filter. This homotopy al-
lows us to carry the stability property from a finite-dimensional
comparison system to the LTDS.

B. Sufficient (Outer) Comparison System

Here, we introduce the parameter-dependent linear system
£o(0)

(1) = As(t) + Hau(t

To(t) = Ap(0)z,o(t) + Bo(0)Fyz(t), feco

u(t) =Co(0)xo(t) + Do Fyx(t) 3)
where Ao (0) Bo(6) is a minimal realization of

C,(0) D,

{ho(0, )1, } Since A (9) is Hurwitz, this system is stable if
and only if all the roots of the meromorphic function

Yo(6,8) =det (s — A— Haho(0,5)Fy)

are in C_. Thus, the following two statements are equivalent.
D) 0,(0) :== o(p,(6,5)) < Oforall§ € O.
ii) X, is stable for all # € O.
We will show in the sequel that robust stability of 33, will guar-
antee the robust stability of >.

C. Main Result: Sufficient Condition

Define the quasi-polynomial

bao( N, 5) = det (sl — A~ Hge "0Nsp, (4, /\s)Fd)

Aefo1] @

and the spectral limit function

do(A) := 0 (Yao(A, 8)) - 5)

To simplify notation, the dependence of these functions on 7 is
suppressed.

Lemma 2: 1f 54(7) > 0 for some 7 € [r,7] and o,(f)
then there existsa A* € (0,1) andaw™* > 0 such that o4, (\*
0 and 940 (\*, jw*) = 0.

Proof: See Appendix 1. [ |

Theorem 1: Main Result, Single-Delay: If the uncertain
system 3, is asymptotically stable for all # € ©, then ¥, will
be asymptotically stable for all 7 € [7,7].

Proof: The proof proceeds by contradiction. Toward this
end, we assume that 3, is asymptotically stable for all § € ©
and that X, is unstable for some 7 € [, 7], that is o4(7) > 0.
We will consider first the case where a4(7) > 0. Since X,, is
asymptotically stable for all § € ©, we have o,(f) < 0 for all

<0,
)=
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f € O, and particularly for 0. Then, from Lemma 2, there exists
aA* € (0,1) and an w* > 0 such that

17/)110(/\*7].“")*)
= det (jw*] —A- Ade_T(l_’\*)j“’*ho(a, )\*jw*))
=0.

From Lemma 1, there exists a 6, € O, such thath,(6,, jw*) =
em(1=77)3w" b (B, A*jw*) and, therefore

Bao V", ju) = det (ju'T — A — Aghy(8y, ")
=1o(0p, jw™) = 0.

However, this implies that o, (6,,) > 0 which is a contradiction.
Now, we consider the case where o4(7) = 0. In this instance,
there exists an w™* > 0 such that

Pa(T, jw™) = det (jw*[ —A- Ade_”""*) =0.

From Property Pp — 2, there exists a 5, ) € O, such that

~

ho(f, jw*) = e~ and, therefore

bo(B, jw*) = det (jw*I _A- Adho(ﬁ,jw*)> —0.

~

However, this implies o,(§) > 0 which contradicts our assump-
tion regarding the asymptotic stability of X,. ]

To present the corresponding multiple-delay results, we now
introduce the system X7 () as

(1) = Aw(t) + Hyu(t)
o(0)ao(t) + Bo(6) Fux(t),

A,(0)x fe0O
(t) = Co(9>xo(t) + DoFda:(w

(6)

where § := [f;...0n] is the vector of parameters and
0= Hi\;l O := {[f1...0n]|0; € O}, where each Oy, is a
bounded set of real numbers. (Note that # in this case is a vector
Ay(0) B,(6)

of real parameters). Here,
D,

] 1S a minimal

realization of

{M,(0,s)} := diag {ho, (01,5) gy, hon (On,9)Ign } (7)

where each h,, (6y,s) satisfies properties Po, — 1 through
Po — 3.

Theorem 2: Main Result, Multiple-Delay: If the uncertain
system X" is asymptotically stable for all § € ©, then X, will
be asymptotically stable for all 7 € T

Proof: Similar to Theorem 1; see [25]. [ ]
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III. NECESSARY STABILITY CRITERION

A. Filter Properties

Consider a parameter-dependent, rational transfer function
hi(8, s) having the following properties.
Pr — 1) The denominator of 4;(#, s) is Hurwitz for § € ©.
P; — 2) The value set of e~ "%, 7 € [r,T], covers that of
hi(0,s), 0 € 0O, 1ie.,

Q;(w) CQy(w),Yw > 0, where
Q(w) :={ce€Cle=h0,jw),0 € O}.

We will show that such an inner filter results in a necessary
condition for stability of >.

Lemma 3: Suppose h;(f,s) satisfies Properties Py — 1
and Pr — 2. For any triplet {#,\,7} € © x [0,1] x [r,7]
and w > 0, there exists a 7, € [r,7] such that e” 7% =
e TA=NIh (0, Njw).

Proof: From Property Pr — 2, for any 6 e0O,\el01],
and w > 0, there exists a 7 such that e~ 7% = h;(0, \jw).
Multiplying by e~ "(1=2)7% we have

e_T(l_A)j“’hi(H, Njw) = eI, T =(1=XNT+AT €[1,7]

which is the desired result. [ |

B. Necessary (Inner) Comparison System

Herein, we introduce the parameter-dependent system >3;

i(t) = Az(t) + Hau(t)
.171( ) :Al H)Iz(t 1(0)Fd$(t)/

( )+ B beo
u(t) = Ci(0)zi(t) + Di(0) Fax(t)

®)

Ai(9)

B;(9)
where 20

; D;
{hi(0,s)1,}. Since A;(f) is Hurwitz, X, is stable if and
only if all the roots of the meromorphic function

] is a minimal realization of

¥i(0,8) =det (sT — A — Hgh;(6,8)Fy)

are in C_. Therefore, 0;(6) := o(1);(0,5)) < Oforall § € O,
if and only if ¥; is stable for all # € ©. We will demonstrate
that stability of Y; is a necessary condition for stability of ¥,.

C. Necessary Condition

Define the quasi-polynomial

Yai(A, s) ::det(s[—A—Hde’T(l’)‘)Shi(f), )\s)Fd) . A€f0,1]
©
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and the spectral limit function

oai(A) =0 (Yai(N, 9)) . (10)
(The dependence of these functions on 6 and 7 is suppressed to
simplify notation.)

Lemma 4: If o4(7) < 0 forall 7 € [z, 7] and 0;(#) > O for
some § € O, then there exists a \* € (0,1) and a w* > 0 such
that Udi()\*) = 0 and wdi()\*7jw*) = 0.

Proof: Follows in the same fashion as Lemma 2. [ ]

Theorem 3: Necessary Condition, Single-Delay: If the un-
certain linear time-delay system X4 is asymptotically stable for
all 7 € [1, 7], then %; is asymptotically stable for all § € ©.

Proof: The proof proceeds by contradiction. Toward this
end, we assume that 3, is asymptotically stable for all 7, 7 €
[, 7], and that ¥; is unstable for some 6 € O, thatis o;(6) > 0.
First, we consider the case where o;(#) > 0 and then will return
to the case o;(#) = 0. Since X4 is asymptotically stable for all
T € [1,7], we have o4(7) < 0 for all 7 € [r,7]. We may pick
any 7 € [r,7] and define 14 (), s) using these choices for T
and 6. From Lemma 4, there exists a \* € (0,1) and aw* > 0
such that

hai( A, jw™)
— det (jw*[ A= AgemmA=A g, )\*jw*))
= 0.

From Lemma 3, there exists a 7, € [z, 7], such that e~ wl=
e TA=AI@T B, A*jw*) and, therefore

bai(\, jw*) = det (jw*[ —A- Ade_jTP“’*>

=1q(7p, jw*) = 0.

However, this implies that 04(7,) > 0 which is a contradiction.
Now, we consider the case where o;(6) = 0. In this instance,
there exists an w* > 0 such that

Vi(, jw*) = det (jw*T — A — Agh;(0, jw*)) = 0.

Now, from Property Pr —2 of h;(6, s), there exists a 7 € [T, 7],
such that e~ 77" = h;(#, jw*) and, therefore

ba(F, jo*) = det (jw*] —A- Ade—fiw*) —o.

However, this implies 04(7) > 0 which contradicts our assump-
tion regarding the asymptotic stability of X ;. [ |

To present the corresponding multiple-delay results, we now
introduce the system X7*(f) as

#(t) = Ax(t) + Hqu(t)
z;(t) = Ai(0)x;(t) + Bi(0) Fax(t),

) e
u(t) =, (9)$L(t) + DL(H)Fd:C(t)

(1)
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Ai (0 Bi(0)] . . o
where is a minimal realization of
C;(0 D;

)
{Ml(e S)} := diag {h’h (017 5)1(11 soeehiy (HNv S)I(IN}

where each h;, (0}, s) satisfies properties Py — 1 and Py — 2.
Theorem 4: Necessary Condition, Multiple-Delay: If the
uncertain linear time-delay system Y, is asymptotically stable

for all 7 € 7', then X}" is asymptotically stable for all § € ©.
Proof: Similar to Theorem 3; see [25]. [ |

IV. CANDIDATE FILTERS AND THEIR CONSERVATISM

A. Preliminaries

We now turn our attention to the development of filters
ho(8,s) and h;(6,s) such that P, — 1 through Po — 3 and
Pr — 1, Pr — 2 hold. We seek to develop these functions such
that the degree-of-conservatism of the analysis criterion can
both be bounded and made arbitrarily small.

Definition 3: Given a continuous function g(q) : [0,00) — D
where D = {z € C| |z| = 1}, letting T, be the path created
by mapping the interval ¢ € [0,7] via g(q) to D, we define
a continuous argument (phase) function for the value g(r) as
Arg(g(r)) = arg(g(r))+2mn(T,., 0) where arg(z) € (=2, 0]
is the unique argument of z € C, z # 0, and n(I';, a) is the
winding number! of path I" about a.

Lemma 5: [32] Properties of the Padé Argument: Let p;(s)
be the I*" order diagonal Padé approximation to e™*, with [ > 3.
Define ¢, (w) := Arg(pi(jw)). Then, by definition ¢, (w) is a
continuous function of w with ¢, (0) = 0. Moreover

d2¢>
W) >0, w>0 (12)
d _ Ti(w)
%%(w) = T AT w=>0 (13)
where
-1
Ti(w) =Y aqpw™ (14)
k=0
and
2(1 = K)|'(2] — E)!
S (1) T TN .

k(1= k)1

The following properties follow from Lemma 5 and are par-
ticularly useful in generating the parameter-dependent filters:

We0)= -1 (16)
0>%(w) > -1, weR (17)
-y < ¢p(y), y > 0. (18)

IFor clockwise paths winding numbers are negative. See [23] for more details
regarding winding numbers.
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Lemma 6: [32]Yw € R, |pi(jw)| = 1.

Equation (17) provides an upper bound on
|(d/dw)Arg(pi(jw))|, which is very loose at high fre-
quencies. The following Lemma, provides a much tighter
bound on |(d/dw)Arg(p;(jw))| for high frequencies. We will
exploit the bound given in (19).

Lemma 7: For each Padé order [, there exists a constant L >
0, such that

d L
Yw e R ‘%Arg (pl(Jw))‘ < min <1, F) . (19)
Moreover, 4(1% + 1) is an upper bound for L.
Proof: See Appendix B. ]

Lemma 8: [19] Let p;(s) be the [*" order diagonal Padé ap-
proximation to e~*, [ > 1. For every w > 0, we have

) we 20+1
—iv _ pGiw)] < 2
e Piw)] < <41+2>

Equality holds for w = 0 only.

B. Outer Parameter-Dependent Filter
1) Definition: Let us denote
T+T T—1T

Tom = b

2 2 b’

Consider the outer parameter-dependent filter

ho(8,8) := p1 ([Tm — aob]s) pi(2a,8s), e (20
where
@, = min{a|l < a <k, V,(a)=0} 21
Vo(a) = Arg (pi ([5 — aljwo) pi(20jw,))
— Arg (e—[muwo) (22)
W, := min{w > 0|p;(2jw) = 1} (23)
0 :=(0,b]. (24

Note that this definition of w, implies that Arg(p;(2jw,)) =
—27, and i (j [k — aJwo)pi(j2aw,) = e~ilFH1we for o = a,.
At points in the exposition it will be necessary to emphasize the
dependence of «,,, ¥,,, and w, upon the Padé order [. To do so,
we will write a([,l ], [l] , and wL Whenever possible, we will
suppress the superscrlpt [!] notation.

Lemma 9: Forl > 3, there exists a frequency w, satisfying
(23).

Proof: The Padé approximation has unit magnitude at all
frequencies and its argument sweeps continuously from O to a
terminal phase of —7l. The result follows directly. [ |

It can also be shown that

hm w[l] =7

7 < wlll < 1.247

Our next result will be important in establishing Pp — 3.
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TABLE 1
MINIMUM PADE ORDER REQUIRED TO GUARANTEE EXISTENCE OF
alll <14 (w/wll) FOR A GIVEN &

Range of k min [ Range of k min [
K € [1.0008,1.0078 6 K € [5.6395,6.8935 6
Kk € [1.0079,1.1118 5 K € [6.8936,7.8652 7
Kk € [1.1119, 3.5263 4 K € |7.8653, 8.6640 8
K € |3.5264,5.6394 5 K € |8.6641,9.3758 9

Lemma 10: For every k > 1 there exists an mteger % such
that for each [ > [ there exists an a[ a1+ (m/ wo ) satisfying
(21). Furthermore, the minimum integer [ satisfying

[ 21+1 1
2 arcsin (“e‘”" ) < ~wll <f - 1) (25)
2 1%

2l + 1
is an upper bound for [%, where 1 = max(1,(x/1.8)), and

v = max(1/p, (1 — 1)/2p).
Proof: See Appendix B. |

Remark 3: Lemma 10 was introduced only to assure exis-
tence of o) < 1 + (m/ w[l]) for sufficiently large ! for each .
However, the actual Padé order required for existence of a[ ]
14+ (n/ Wl ) is much less than what condition (25) provides. In
practice, [ and a, may be easily determined from a numerical
analysis. See Table I.

2) Satisfaction of Properties: For the remainder of this sec-
tion, h, (6, s) is as specified in (20) with Padé order I chosen
such that a,, and w, may be found from (21) and (23). We will
demonstrate that the function h, (6, s) satisfies Properties Po—1
through Py — 3. First, since the denominator of p;(s) is Hur-
witz h, (6, s) will satisfy Property Po — 1. The following results
demonstrate that Properties Po —2 and Pp — 3 are also satisfied.

Lemma 11: For each w > 0, we have

Qa(w) € Qp(w)

where

Qo(w) ={ceClec=
Qd(w) =

< b}

ho(8, jw), 0< 6
T<17<Ty.

{ceCle=e"T7¥,

——

That is, for every 7 € [r,7] and w > 0, there exists a § € (0, b]
such that e~79% = h, (6, jw).
Proof: See Appendix B. ]
Lemma 12: Suppose [ is chosen such that a[] and wL] exist
and o) < 1+ (7r/wo ). There exists a # such that h,(6, jw) €
Qy(w), Yw > 0.
Proof: See Appendix B. ]
3) Convergence of a,:
Lemma 13: Define a sequence {oz([,l]}, [ > 1% from (21). Then,

lhm o) = 1. Furthermore, for all [ > 5
ol 1< RY —oRURY LRV L RY (26)
where
21 _ (k — 1)me 2+t and B — 2rme \ 2T
! 20+ 1 ’ 2 20+ 1 '
Proof: See Appendix B. ]
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C. Inner Parameter-Dependent Filter

1) Definition: Consider the inner parameter-dependent filter

hi(8,s) :=p <|:Tm - ib} s) Dy <398> , feo
%) %)

27
where
a; ;= min{a|l < «, ¥;(a) =0} (28)
U;(a) :=Arg <pl <|:I€ - l} ]7r)>
a
— Arg (e_[”_llj”) (29)

and © is defined as before. Note that since both p;(j[x —
(1/a)]r) and e *~ 1™ have unit magnitude, p;(j[x —
(1/a)]r) = e~ =17 for o = a.

Lemma 14: For every x > 1 there exists an integer [/ such
that for each integer [ > [F there exists an «; satisfying (28).
Furthermore, the minimum integer [ satisfying

ke \ 2 <
20+1
is an upper bound for /.

Remark 4: The lemmas in this subsection can be proven using
the same ideas as the preceding subsection for outer parameter-
dependent filters. The proofs can be found in [25].

Remark 5: With [ chosen such that [ > max(I¥,1%), both «,
and «; will exist. Furthermore, with the outer and inner filters,
ho(8,s) and h;(8, s), chosen to be of the same order, they are
related to each other through a dilation, a relationship which will
be important in establishing conservatism bounds.

2) Satisfaction of Properties: Clearly, this choice of inner
approximation satisfies Property P; — 1. The following result
indicates that Property P; — 2 is also satisfied.

Lemma 15: Suppose that h;(6, s) is as specified in (27) with
Padé order [ chosen such that «; may be found satisfying (28).
For each w, we have

(30)

2 arcsin

[N

Q;(w) CQy(w), where
i(w) =1

Q;(w) c € Cle=h;i(0,jw), 0<6<b}.

That is, for every 6,0 < 6§ < b, and w > 0, there exists a
7,0 < 7 < 7 < 7, such that h; (6, jw) = e” ™%,

3) Convergence of o;:

Lemma 16: Define a sequence of {aq[;l]}, I > 1¥ from (28).

Then llim oz,El] = 1. Furthermore, for all [ > [F
U
-1
G <R (31)
@;
2041
where, R\ = <%) . (32)
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D. Conservatism

1) Single-Delay

Definition 4: The delay margin 6* for the system (1) about a
mean delay value of 7,,, is defined by

6% :=sup {6 < 7,|(1) is asymptotically stable on
[T — 0, T + 0]} -

Definition 5: Suppose C is a condition that ensures that (1) is
asymptotically stable on [7,,, — 8¢, T + 6c]- If (1) has a delay
margin about 7, of 6* > 0, then the degree-of-conservatism
(d.o.c.) of condition C at 7, is defined by

5% — 8%
6*

d.o.c.c(Tm) =

where
6% :=sup {6c|C is true on [1,,, — b¢, Tm + Oc]} -

Moreover, 6; is said to be the delay margin provided by C at 7y, .

Corollary 1: Stability Employing Outer Filter: Given a
mean value of delay 7., form h,(6, s) using (20) and ¥, as
in (3). We will denote this system in the sequel as X, (b; ) to
make the description’s dependence on delay interval half-width
b explicit. If

Yo (b;0) is asymptotically stable for all 0 < 6 < b, (P)
then X, is asymptotically stable for all 7 € [7,,, — b, T, + b].
Proof: The result follows directly from Theorem 1. [ |
Corollary 2: If ¥, is asymptotically stable for all 7 €
[T — b, T + b], then X;(b; 0) is asymptotically stable for all
0<0<hb.
Proof: The result follows directly from Theorem 3. [ |
Next, we show that the d.o.c. of Corollary 1 is always
bounded by a function of ol ay].
Theorem 5: Given 7, the d.o.c. of the delay margin provided
by Corollary 1 at 7, satisfies

ag]al[l] -1

d.o.c.p(tm) < (33)

UM

Furthermore, d.o.c.p(7,,) < EL” + E,El]
as | — oo.

Proof: Let §* be the delay margin of (1) at 7,,,, and suppose
that 6 < 7,,,. Let 0;; be the delay margin provided by Corollary
1 with h,(6,s) chosen as (20) with Padé order ! sufficiently

large I > max(1°,1%). That is

,and d.o.c.p(7,) — 0

8% :=sup {6,|X,(6,;6) is asymptotically stable V6 €(0,06,]}
Define 6

67 :=sup {6;|2:(6;;0) is asymptotically stable V8e(0,4;]}
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where the system X;(6;;60) is formed as in (8) using h;(0, s)
with the same Padé order . Due to the dilation relationship be-
tween h; (60, s) and h, (0, s), we clearly have

6: — Ol[l](s*
[l] o o
o

From Theorem 3, 33;(8; #) is robustly stable for 6 € (0, 6] when-
ever (1) is asymptotically stable on [7,,, — 8, T, + 6]. Also, from
Theorem 1, (1) is robustly stable on [7,,, — §, 7., + 8] Whenever
Y,(6;0) is asymptotically stable for § € (0, 6]. Therefore,

51> 67 > 6

Then, a bound on the d.o.c. follows from:

§* — §* §* §* Ol[ol]()é[-l] 1
d.o.cop(mm) = °=1-2<1-2= i
0* 0* o3 a([)l]al[l]

Clearly, llim d.0.c.p(7ym) — 0since ol — 1 and ay] 1 as
[ — oo. Note that

ol =1 alfal -1 U

i 7 — Oé([)l] 1+ 7
oo al! all

From (26) and (32), we have

[
1
and &~

< RE”, and thus :
N

ag] -1 <R[ol],
d.o.c.p(Tm) < R[ol] + RE’]

which clearly indicates the rapid decrease in conservatism with
increasing Padé order. ]
Remark 6: The careful reader will notice that the parame-
ters oz([,l] and ozl[l] are functions of x and, hence, b, raising ques-
tions regarding how to properly interpret Theorem 5. These may
be resolved by considering how ¢} and 6] are defined. Con-
sider 6% for convenience. In principle, given 7,,, for any half-
width b, we may determine  and «,, define the comparison
system X, (b; ), and ascertain its stability. The margin 67 is
the largest b for which stability of the resulting comparison
system is achieved. The value ag I to be used in Theorem 5 is the
value employed in constructing the comparison system with this
largest value of b. The same holds regarding the value of ay].
With all other parameters fixed, both a([,l ] and ay] will decrease
with increasing b and so the potential degree of conservatism of
successive tests with increasing b will decrease as well.
Lemma 17: For each § € (0, 0],

Jim {ho(8, 5) = hi(6, 5[], = 0.

Proof: See Appendix B. ]
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ho(8,8) — hi(6,s)

Fig. 1. Perturbation of the system X,.

Theorem 6: Asymptotic Necessity of Quter Comparison
System: Let §* be the delay margin about a mean delay value of
T for the (asymptotically stable) system X;. Then, for any 0 <
b < &*, there exists a comparison system X, (b, #) (developed
with high enough Padé order) that proves asymptotic stability
of ¥4 forall 7 € [r,, — b, 7, + D).

Proof: For any positive b < 6*, the system X4 is asymp-
totically stable for all 7 € [, — b, Ty, + b]. Corollary 2 then
implies that for any [ > [, ¥,(b, 6) is asymptotically stable for
all # € (0,b]. For any [ > max(IF,1), consider a perturbation
of the system X;(b, #), as shown in Fig. 1. Employing the small
gain theorem, for each 6 € (0, b], the feedback interconnection
of ¥,;(b,0) and h,(6,s) — h;(6,s) is stable, provided that the
following condition is satisfied:

[1ho(8,5) = hi(8, 8)lloo 1%, 0)]l o < 1.

A sufficient condition for stability of the feedback interconnec-
tion of 3;(b, ) and h,(0, s) — h;(6, s) for all § € (0, b] is then
given by

sup ||ho(0,8) — hi(0,s)[
0€(0,b]

sup [|Zi(b,O)]|., < 1.
6€(0,b]

(34)

From Lemma 17, ||k, (8, s)—hi(8, $)||c can be made arbitrarily
small by increasing the Padé order. It then follows naturally that

sup ||ho(8,8)—h;i (0, s)||co can be made arbitrarily small too.
0€(0,b
Th<at i]s, there exists an integer L > max(I¥,[¥) such that for
any integer [ > [, condition (34) is satisfied. Therefore, with
any [ > L, the system 3,(b, #) is asymptotically stable for all
¢ € (0,b]. This conclusion along with Corollary 1 completes
the proof. ]

4) Multiple-Delay:

Corollary 3: Stability Employing Outer Filter: Given a
nominal delay vector 7,,, := [Tim ...TNm], form M,(6,s)
using (7) and X7 as in (6). We shall denote this system in the
sequel as X7 (b; #) to make the description’s dependence on
the delay interval half-width b := [b1, ..., by] explicit. If

Y00 (b; 6) is asymptotically stable V8 € © (P)

where

CRE

=

(07 bk]

~
Il
-
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then Y4 is asymptotically stable for all 7 € T', where

N
T := H[Tkm — bk-,Tkm + bk].
k=1

Proof: The result is a special case of Theorem 2. [ |
Corollary 4: If the uncertain system Y, is asymptotically
stable forall 7 € T' = []n_; [Thm — bis Thon + b ], then X277 (b; 6)
is asymptotically stable for all § € © = Hi\;l(O, b
Proof: The result is a special case of Theorem 4. ]
Definition 6: The delay margin §* for (1) about a nominal
delay vector 7, with the aspect ratio vector v := [vy ...vN],
where min (vg) = 1, is defined by
1<k<N

6% ;= sup {6](1) is asymptotically stable on

N
H [Thm — VkO, Thm + vk5]} .
=1

Definition 7: Define an aspect ratio vector v := [v1,...,vy],

min (vg) = 1. Suppose C is a condition that ensures that (1)
1<k<N

is asymptotically stable on Hivzl[mm — vgbc, Tem + vikbc]. If
(1) has a delay margin of 6* about 7,,, with aspect ratio vector
v, then the d.o.c. of condition C at 7,,, is defined by

5 — 65
6*

d.o.c.c(mm,v) :=

where

N
(52 i= sup {(5c|c is true on H[Tkm - Uk(SCkam + vkéc]} .
k=1

Moreover, 6 is said to be the delay margin provided by C at T,
with aspect ratio vector v. Note that the dependence of 63 on 7,
is suppressed in the notation.

Theorem 7: Given T, = [Tim,--.,TNm], assume that the
maximum of agf]aglk’“], where 1 < k < N is an integer, occurs
at k = r. That is

max

{agk]a[zk]} _ a{jr]a“*].
1<k<N k T

(s [

Then, the d.o.c. of the delay margin provided by Corollary 3 at
Tm With aspect ratio vector v := [vy ... vnN], 131133N(vk) =1,

satisfies

ablafrl -1
N oz([,l:]al[-l:].

A

d.o.c.p(Tpm,v)

Furthermore, d.o.c.p(Tym,v) < RE:] + REI:], and

d.o.c.(Tm,v) — 0as min (Ix) — oc.
1<k<N

Proof: The proof follows closely to that of Theorem 5. Let
8* be the delay margin of (1) at 7, = [T1m, .-, TNm] With

’ ’
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the aspect ratio vector v = [v; ...vy]. Define 6% as the delay
margin provided by Corollary 3 with M, (6, s) chosen as (7)
where each Padé order I, K = 1,..., N for the kth parameter-
dependent filter is chosen sufficiently large I, > max(l5, ,If ).
That is

8% = sup {6,|X5" (6,v; 6) is asymptotically stable,
N
for allg € H(O,éovk]} .
k=1
Define 67

8F := sup {6;|X"(6;v;0) is asymptotically stable,
N
for all § € H(O,(Sifuk]}

k=1

where the system X7 (6;v; 0) is formed as in (11) using M; (6, s)
with the same Padé orders [;. Due to the dilation relationship
between h;, (0, s) and h,, (0, ), the following equality holds
for at least one integer p, 1 < p < N:

00 g
[lp] %p 0
a,ip

Furthermore, similar to the single-delay case, we have

8% > 6% > 67

Then, a bound on the degree of conservatism follows from:

o* — &% 5*
d.O.C.p(’Tm> = 6* o _ 1— 5_(;
I e
S N U BN S RN (A (5

The remainder follows in a fashion similar to Theorem 5.

V. STABILITY ANALYSIS

It has been shown that stability or instability of an uncertain
time-delay system can be ascertained by analyzing the stability
of a family of finite-dimensional, parameter-dependent systems.
Furthermore, this problem reformulation may be done with ar-
bitrarily small conservatism. It is desirable that the new problem
of finite-dimensional system analysis be carried out with min-
imal conservatism introduced. As this problem is one of real-p
analysis, it cannot be performed in a lossless manner except for
in the single parameter case.

A. Single Delay

In this section, we examine the stability of the com-
parison system ,(f). Then, if %,(f) is stable for all
0 < € < b, by Corollary 1 the stability of ¥, is guaran-
teed. For convenience in notation, throughout the rest of this
paper we denote p = (7, — a,b)~t and = (1/2)a;?.



1280

Let [ Ap By
Cp Dy,

Also n, = ¢

be a minimal realization of p;(s)l,.

denotes the order of A,. Then, it is
Ao(e)anXan ‘ Bo(9>2np><q:|._

Co (9 gXxX2n DO X
f p B;, Dp‘ } axq
0 77971Ap 7797(1/2)31) is a minimal

[C, 67U/ D,C,] ’ [DPDP%
realization of h, (0, s)I, = Pi([Tm — aob]s)Pi(2a,0s)1,. This
realization may be used to develop the comparison system
3, (b, 8) and arrive at the following theorem.

Theorem 8: Let

easy that

|:pAp p~ /20 B,C,

to verify

_ A 9_%1412
Ac(6) = {9_%1421 9_1A22] G
where
A+ H,D?F; H,C ] [HdD C, ]
Aqq = P P Ao = pYp
1 [ pB,D,Fy  pA, 12 pB,C,

A21 = [UBde 0] A22 = [T]Ap]
Then, the system X4 is asymptotically stable for any constant
time-delay 7 € [7,;, — b, T, + b] if the following two equivalent
conditions hold:
c1) Ar(0) is Hurwitz for all 6 € (0, b].
¢2) For every 6 € (0, b] there exists a symmetric and posi-
tive definite matrix X () € R("*272)x (" +2n5) qatisfying

AL(0)TX(0) + X(9)AL(9) < 0.

Proof: First, we notice that c1) and ¢2) are equivalent. The
closed-loop system for the interconnection X, (6) is given by

|:SE:| _ |:A+HdDOFd

i, hoe T |

Ay(0) To

Therefore, c1) and ¢2) hold, if and only if X, (b, 8) is asymptot-
ically stable for all § € (0, b]. The conclusion then follows from
Corollary 1. [ ]

To determine stability of the LTDS (1), therefore requires the
examination of whether a parameter-dependent matrix is Hur-
witz. Two approaches to this analysis problem are presented.

1) LMI Analysis: Theorem 9: Given T,,, the system
Y4 1s asymptotically stable for any constant time-delay
T € [fm — b, + 1], if there exist symmetric matrices
X, € RMne)x(ndnp) " Xy ¢ R™*7» a positive definite
matrix X; € R®+ne)x(n+ns) 4 npegative—definite matrix
X4 € R™*" and a matrix Z € R(™*+72)*"» guch that

1(0) <0 TI(b) <0 (36)
and
X, +bX, bz
b2 bXy 402X, | 37)
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where

w0 =" 5]

11(0) = A2, Z7 + Z Aoy + (X1 + 0X2)Apy
+ AT} (X1 +6X5)

12(0) = Z Ago + AT, Z + AT (X3 + 0X4)
+ (X1 4+ 60X2)A10

Moo () =0ZT Aya + 0ATLZ + (X3 + 0X4)Ago
+ Agz(Xg + 0X4).

Proof: Note that (36) implies that

II(0) < 0 V6 € (0,b]. (38)

Similarly, (37), along with X; > 0 and X4 < 0 implies that

07

X1 +6X,
X3+ 92X4

977 } >0 V8 € (0,b].
Pre- and postmultiplying by Ey = diag{l,4n,,0= /> 1, },
the previous inequality is equivalent to

037
X5+ 60X,

X1+ 60X,

X(0) = [ ot 7T ] >0 V8 € (0,b].

Multiplying (38) on both sides by Ejy yields

0_%1_112
0711_[22

Hll

ElI(0)Es = 1
oTI(8)Fg {HQH%

| <o

which immediately gives

Ar(0)TX(0) + X (0)AL(0) <0

where Ar(f) is given by (35). The result follows directly from
Theorem 8. u
1) Eigenvalue Criterion: Herein, an alternative method for
the single delay case is provided, which incurs no additional
conservatism to that of Theorem 8.
Theorem 10: Given T,,, 3,(b, #) is asymptotically stable for
all 0 < § < b, if and only if the two following conditions hold:

Aq is Hurwitz 39)
—(Ag @ Ag)~ (A1 ® A;) has no positive
real eigenvalue (40)

where

All

Ay A2

1
5 A12

Ao = [ 0 Ay

] andAlz[O Au].

To prove Theorem 10, we need the following lemma.
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Lemma 18: [2] Let A\(q) = Ag+ qAy, where Ag and A, are
constant square matrices. Suppose Ay is Hurwitz and let

7" = sup {§|A\(q) is Hurwitz Vq € [Uﬁ]} .
Then

—x

1
B )\;tlax (_(AO 2] A0>_1(A1 2] Al)) .

Proof:  (of Theorem  10):
diag{H_(l/z)In_i_np 1n,}.  Then,
if and only if

Let Fy =
Ap(f) is Hurwitz

A

~ - 6=1A
A6 = moan®)Ey = |41 4T

9_1A22

is Hurwitz. Let v := 6~ 1. Then, A(6) is Hurwitz for all 0 <

6 < b if and only if A(y) := [A“ Y412 | ¢ Hurwitz for all

Aot YAz
(1/b) <y < oo0.Letq =y —(1/b). Then, A(~) is Hurwitz for
all (1/b) < v < oo if and only if

Aq) = Ag + qA;

is Hurwitz for all 0 < ¢ < oo. Note that by definition
Atx(M) — 07 when M does not have any positive real
eigenvalues. The conclusion then, follows immediately from
Lemma 18. ]

Remark 7: Given 1,,, either Theorems 9 or 10 may be used
to confirm stability of 3, (b, 8) for a chosen b. The largest value
of b may be found through a bisection. Once this largest value
of b is found, Corollary 1 then implies stability of >, for all

T € [Tm — b, T + b].

B. Multiple-Delay

In this section, we examine the stability of the compar-
ison system X7%(b,6). Then, if X7*(b,60) is stable for all
6 € ch\;l(O,bk], by Corollary 3 the stability of ¥; on

r B
N [Ty = bk T, + ] is guaranteed. Let Cpi DZ’; ]

be a minimal realization of P(s)I, . Also n,, = qil) denotes
the order of A,, . Then, a minimal realization of M,(0,s),

. . A,(9) B,(6)
defined in (7) is given by A0 D , where

Ao(g) = dlag {A01 (01) s AON (HN)}
B,(8) =diag {B,, (1) - .. Boy (6n)}
00(9) = diag {001 (91) s CON (HN)}

D, =diag{D,, ... Dy, }
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Aok(ak) | BOA»(ak)
CO.(ek) ’ DOk . . .
of hok(ﬂk,s’)lqk. For convenience in notation, we define
Pk = (Tm — Qg bk)_l and ny, := (1/2)041;}'

Theorem 11: Let

where is a minimal realization

Aqg Ay Al
Ap(0):=| Ay Ay T73Anp (41)
[ 2A3 0 T lAg
where
r :diag{&llnpl, eanpN}
A=A+ H;D,F,
Ayp = [H1Cp, HoCy, ... HyC, ]
A3 = [HleCpl HyD,,Cp, ... HND;DNCI)N]
Agy = [ FEDE BY po FEDE BE .. pnFEDT BE 1T
Ago =diag {p14,,, p24p,, ..., pNApN}
Ags =diag {p1B,,Cp., p2Bp,Cp,, .., pNBpy Cpy }

T
Agy = [mF{ Bl n2F3 Bl ... nnFNBL]
A33 = dla’g {771Ap1 ’ 772141)27 (RS nNA;DN} .

Then, the system X4 is asymptotically stable for any constant
time-delay vector T € Hi\;l[ﬂcm—bk: Trm~+by] if the following
two equivalent conditions hold.
cl) Ar(9) is Hurwitz forall € © = Hfj:l(m by].
c2) For every # € O = ngl(o, bi] there exists
a symmetric and positive-definite matrix X(f) €
R(n+2m)x(nt2m) oy — SNV satisfying

AL(0)TX(0) + X (0)AL(6) < 0.

Proof: The proof can be found in [25]. ]

1) LMI Analysis: In this section, we develop a finite set of

linear matrix inequalities that allow us to verify condition (c2)

in Theorem 11. Some additional conservatism may be intro-

duced as a choice of basis functions for X (¢) is made so as to
obtain a finite set.

Theorem 12: Given T,, := [T1m - .. TNm], the system X, is
asymptotically stable on ch\;l [Them — bk, Tiem +bi], if there exist
symmetric matrices Yy € R"*™, Y, € R"*"™, k= 1,..., N and

X1 € R™*™, X5 € R™*™, symmetric block diagonal matrix
X3 € R™*™ negative definite block diagonal matrix X, €
R™*™ and matrices W; € R™*"™, W, € R"X™ 7 € R™*™,
such that for all 2V vertices b, i = 1,...,2" of the polytope

TI2, [0, bi] /

I (b,,) < 0, and X (by,) > 0 (42)
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where
[y I, Iy
H(&) = * H22 H23
L * * H33
[ Y(6) Wy W,z
X0 =| wl X, +I'X, AR
T:wEf  T:ZT X3 +TX,
N
Y(0)=Yo+ > 0Yi
k=1

Iy =Y (0)Ar1 + Wi Az + Wads + AT Y (6)
+ AW+ AWy

1y =Y (0)Ara + Widgy + AT W1 + A5 X1 + A5, XoT
+ AL 2T

i3 =Y (0) A1 + Wi Ags + WaAss + AT, WD
+ A5 X3 + AL XD + AL 2T

Mos = Wi Ajp + X1 Ags + T'Xa A9 + AT, W,
+ AL X, + AL X,T

Moz = Wi Arz + X1 Aoz + AT, Wol + T X Aoy + Z A3,
+ AL ZT

a3 = TW) Ays + X3Ass + T Xy Agg + ALW,T
+ AL Xy + AL X, +T27 Agy + AL ZT.

Here, X3 and X, are block diagonal matrices with [V blocks
where the k' block of X3 and X4 belong to R"»x *"»s
Proof: The proof can be found in [25]. ]
Remark 8: Given T1,, and an aspect ratio vector v :=
[v1 ...vnN], the largest value of (scalar) bs for which Theorem
12 affirms stability of X7(b, 6) for b := [bsvy . ..bsvux], may
be found through a bisection algorithm. Once this largest
value of b, is found, Corollary 3 implies stability of X, for all
TE ngl[rkm — by, Them + bsvi].

VI. NUMERICAL EXAMPLES

A. Single Delay

In this section, we examine the stability of some linear time
delay systems using presented criteria. The result of [22] is used
for comparison in the single-delay case, as it provides an accu-
rate accounting of the stability interval for small problems with
a single delay.

Example 1: Consider system (1) with N = 1 and:

-109 -19 =52 1.1 03 0.3
A= 8.7 0.8 1.3 Aq=103 1.1 15
11.9 3.8 5.6 1.6 04 1.1

Note that A + A, is not Hurwitz and interval stability can not
be examined using delay-dependent criteria. Given 7,,, = 0.67,
Table II summarizes the results of the computations. For this
example problem, Theorem 10 provided d.o.c. results less than
the bound (33), as guaranteed by Theorem 5. While the results
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TABLE II
COMPUTATIONAL RESULTS FOR EXAMPLE 1
Method bmax Stability Interval | d.o.c. bound on
d.o.c.
[22] [0.3130,1.0281] | O Eq.(33)
Theorem 9
=4 0.3209 [0.3491,0.9909] | 10.08% 10.14%
=5 0.3542 0.3158,1.0242 0.75% 0.76%
=6 0.3567 0.3133,1.0267 0.056% 0.058%
Theorem 10
=4 0.3242 [0.3491,0.9909] | 10.08% 10.14%
=5 0.3542 0.3158,1.0242 0.75% 0.76%
=6 0.3567 0.3133,1.0267 0.056% 0.058%
4 ' ' : / 5 ;
3.5+ : ]
unstable K H
3 ; :
I
25 stable
( unstable
12 2 7
1 .
I |
[ [ i
0.5 | j j [
I |
[ |
OO 0.2 04 0.6 0.8 1 1.2
Y

Fig. 2. Stability region in 7, — 7 plane (enclosed within the curves), and sta-
bility regions guaranteed by LMIs (inside the boxes).

provided by Theorem 9 may introduce some conservatism to
that of the comparison system, for the problem examined, no
additional conservatism is incurred.

B. Two Delays

In this section, we examine the stability of a system with two
independent delays. Note that A + A; + A, is not Hurwitz.
Example 2: Consider system (1) with N = 2 and

A= —3.0881 2.6698 and
[ —9.7983 2.8318

A, — [05645 001787 [0.4176 0.0144
1= 11.2597 0.8020 27109432 0.5976 |

Fig. 2 shows the stability boundary and stable region as provided
by careful numerical analysis (by Continuation methods, see
[25]). Also shown are 13 stability “boxes,” each of which was
obtained by using Theorem 12 with a given 7,,, and aspect ratio
vector v. The area inside each box has been guaranteed stable by
the LMI condition. Note that in each of the 13 analyses, the box
obtained was the largest that could be obtained with the given
aspect ratio. That is, a corner of the box is (nearly) touching a
stability boundary.
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3
7

L, L,
Ko

—
 —

=

oy
N

A
Z

)
0o

Fig. 3. Scheme of compact regions Ly, L, and K.

VII. CONCLUSION

The results in this paper establish a method for converting the
problem of analyzing the stability of a family of infinite-dimen-
sional systems to one that considers finite-dimensional systems.
The time-delay element is replaced by a parameter-dependent
filter in a similar manner to that previously employed for delay-
dependent stability [33]. However, the problem treated here is
fundamentally different in one important aspect: the delay in-
terval does not include zero and so there is no common member
of the time-delay system and comparison system families. As
a consequence, comparison system stability does not directly
yield LTDS nominal stability, a condition desirable for the es-
tablishment of robust stability via value set covering. This diffi-
culty is overcome in this paper by the use of a special homotopy
connecting members of the two families such that the value set
of the feedback element throughout the continuation remains
within that of the parameter-dependent filter, a condition we
refer to as strong covering. Thus, robust stability of the LTDS is
bootstrapped from the comparison system without establishing
(explicitly) nominal stability of any member.

Properties are given for (outer) parameter-dependent filters
such that replacement of the delay elements by the filters will
produce a sufficient comparison system for stability of the
LTDS. Herein, properties are also provided for (inner) param-
eter-dependent filters that will yield a necessary comparison
system, which may be used to establish instability of the LTDS.
A constructive method is then provided for generation of both
outer and inner filters using Padé approximations such that the
desired filter properties are obtained for any delay interval. An
a priori known bound on the degree-of-conservatism of the
sufficient comparison system is obtained. This bound may be
reduced to any desired degree by increasing Padé order [ and
rapidly converges to zero. Furthermore, the bound is indepen-
dent of all problem data except the ratio 7/. It is shown that if
the LTDS is asymptotically stable over a given closed interval,
then there exists a finite-dimensional comparison system that
will prove it to be so.

Herein, two methods are explored for stability analysis of
the outer (sufficient) comparison system: 1) an eigenvalue tech-
nique for the single-delay case which is lossless; and 2) an LMI
approach suitable for the multiple-delay problem. An important
advantage of our approach is the relative ease with which it may
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be extended to the problems of H, analysis and controller syn-
thesis. Some results along these lines have recently been ob-
tained in [25] and [26].

APPENDIX |
PROOF OF LEMMA 2

First, we need to establish some preliminary results. Define

¥ (A s) = det ((sI — A)dy(8, \s)
—Aqe TNy (9, )\s))

07 (A) =0 (1/);0(/\,5)) A €1]0,1]

where ho(0,s) = no(f,5)/d,(f, s). We then have Lemma 19.

Theorem 13 (Rouché’s Theorem [27]): If ®(z) and V(z) are
functions continuous on a closed set ' C C and analytic in
its interior G, and if |®(z)| < |¥(z)| on the boundary of the
set F, then the functions ¥(z) and ¥(z) + ®(z) have the same
number of roots in GG, counting each root as many times as its
multiplicity indicates.

Lemma 19: The function o3 () is a finite and continuous
function of A over the interval [0,1].

Proof: We need to show that for all \g € [0, 1]

V6 >0, e > 0s.t. if [Ny — Ao| < e and A\; € [0, 1]

then U(Z;()‘1> — U{’i;(/\o) < 6. 43)

It follows from the general theory of functional differential
equations that for any fixed Ao € [0,1], 95 (Xo,s) = 0
has a solution in C and that Uc’l‘;(/\o) < oo (e.g., see [13] or
[14]). Furthermore, 3sq € C, such that 1/1(%()\0, $0) = 0 and
07 (Ao) = Re(sp). Moreover, any finite region of the complex
plane contains at most only a finite number of elements of the
set S 1= {s[th;- (Ao, s) = 0}.

Let us denote oo = 0 (Ao). Let {s1,....sn}
be the n roots of do(f,s) = 0, and let B =
m<xntan_l((|Im(si)|/|Re(si)|)). Then, 8 € [0,(7/2)) and

1<i<
let B2 € (B, (7/2)) be an arbitrary real value. Define the set

|Tm(s)]
[Re(s)|

Ko := {s € C|Re(s) < 0, < tan([y’g)}

and denote K := Kq U JKg. Then, it follows from stability of
d,(0, s) that for all A € (0,1] all the roots of d,(6,As) = 0
must lie in Ky. Given 6, define

Ki:={s € Cl|s € Ko,Re(s) € [o0 — 6,00+ 6], }
Ky := {s € C|s € Ko,Re(s) > g9 + 6.}

Also, define closed compact sets

K; := {s € K|Re(s) € [o0 — 6,00 + 6], }
K, := {s € K|Re(s) > o + 6.}
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By construction, for all A € (0,1], do(f,As) does not
vanish in K; and K. Moreover, Property Po — 3 im-
plies that h,(f,0) = 1. Therefore, for each A € [0,1],

Bi(\) = sup(|n.(6,As)|/|do(8, As)|) and Ba(N) :=
selK

sup (|no (6, )\s)|/|1do(9, As)|) exist and are finite. Consider the

s€lKy

closed compact set

- {s € C|Re(s) € [o9 — 6,00 + 6],} UK
E Us| < 201 A + 21/ Aal|Q1Ba(Mo) '

where Q1 = max(e~"(17A0)(@0=6) =7(=A0)(e0+6)) By con-
struction, all the solutions of ¢ (Mo,8) = 0 withog — & <
Re(s) < o¢+ 6 must liein L. Moreover, we can safely assume
that ¢ is sufficiently small so that ; contains only those ele-
ments of Sy with Re(s) = o¢. We search for an ¢ that validates
(43). We will limit the search to ¢ € | := (0, min(Ag,1 — Ag)).
Now, define a closed compact set

C|R« > 0, ~
|]_2:={ s e C| e(s)_00+,_}uK2
|s] < 2[|A]l + 2[|Aal|Q2B>

where Q> = max(1,e~7(?0+%)) and By = sup Ba()).

A€fo,1]
For each s € 0Ly, define 615 := [1h7- (Ao, s)|. Similarly,

for each s € Ol o, define 625 := [1h5 (Ao, s)|. (Note that by
construction 95 (Mo, 8) is nonvanishing on JL; and 9L and,
hence, 615 > 0, Vs € JL; and 625 > 0,Vs € OL,). By
continuity of the determinant at each s € C and, particularly,
for each s € 0L, we have

Vs e 8|]_1, for 615 > 0, de1s € Is.t. 1f|)\1 — )\0| < €15
then /lﬁ(%()‘l?s) - 1/)(%(/\073) < 515-

Similarly

Vs € 8|]_2, for (525 > 07 3625 € [s.t. lf|/\1 - )\0| < €94
then |95 (A1,8) = 95 (Ao, 8)| < das-

Define ¢ = min(eq,e2) where g1 := ngﬂr} {e1s}, and &5 :=
s€dly

min {egs}. Clearly, ¢ > 0 and for all \; with |[A; — X\ < e

s€l o
the following two inequalities must hold:

|7, 000, ) = 97, (%0, )  Vs€oly (44)

Vi (A1, 8) =935 (Ao, s)

<[9500.9)
1/};0()‘078)

<

. Vs€dlo. (45)

Since for all A € [0,1], ¢ (A, s) is analytic over C and par-
ticularly over L;, from Rouché’s Theorem and (44), we con-
clude that ¢ (Ao, s) and 95 (A1, s) have the same number of
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roots in Ly when [A; — Ag| < e. Therefore, ¢5- (A1, s) has
at least one root in L;. We now, show that 15 (A1, s) cannot
have any root outside of L; with Re(s) > oo + 6. Clearly,
2 (A1, s) cannot have a root with Re(s) = oo + ¢ (or either
(44) or (45) is violated). Assume that for some A; € [0, 1], with
|A&1 — Aol < e, b5 (A1, 5) has a root with Re(s) > o9 + 6.
By construction this root must lie in L. However, (45) is true
on the boundary of s and Rouché’s Theorem would imply that
(U (Ao, s) musthave arootin L. This contradiction proves that
loo- (A1) — 07 (Xo)| < 8, completing the proof. [
Lemma: For all A € [0, 1], we have

Doao(A) <0 <= 05 (A)
ii)ado(/\) >0 < O'dNO()\)
ii)ogo(A) =0 <= 05 (M)

VA

o o o

Proof: For A = 0, tao(A, s) = 15 (A, s) and 04o(A) =
o (A) and therefore i)-iii) follow. For A € (0, 1], We first prove
that if o4,(\) < 0 then ‘7[12()‘) < 0. Assume o4,(A) < 0 but
05 (A) = 0. Then, there exists an 59 € C with Re(sg) > 0 such
that ¢~ (A, s9) = 0. Since Re(so) > 0, and the denominator of
ho(8, s) is Hurwitz, it follows that do(B, Aso) # 0. Dividing
P (A, 80) by do(6, Aso) results in 1)40(A, s9) = 0 and there-
fore, 04,(\) > 0, contradicting o4,(A) < 0. Now, assume that
07 (A) < 0but gqe(A) > 0. Then, there exists an s9 € C with
Re(sg) > 0 such that 14,(A, sp) = 0 and do(g, Asg) # 0.1t
follows then immediately that 9> (), so) = 0 and o5 (A) > 0.
This contradiction completes the proof of i). ii) is proved simi-
larly and iii) is an immediate result of 1) and ii).

This brings us to the proof of Lemma 2.

Proof: (of Lemma 2): Note that 14, (0, s) = 14(7,s), and
Yao(1,8) = 1,(0,s). Therefore, o4(7) > 0 and 7,(f) < 0
imply that 04,(0) > 0 and o4,(1) < 0, respectively. From
Lemma 20, we conclude that o - (0) > 0 and ;- (1) < 0. From
Lemma 19, 05 ()) is continuous forall A € [0, 1Tand, therefore,
there exists a A* € (0, 1) such that o5 (A*) = 0. From this
(and Lemma 20), 64,(A*) = 0 follows directly. From standard
results in quasi-polynomials, o4, (A*) = 0 implies the existence
of s* = jw* such that ¥4,(A*, s*) = 0. Since the roots are
complex conjugates, we only need to consider the non-negative
imaginary axis, and the proof is complete. ]

APPENDIX II
PROOFS OF AUXILIARY LEMMAS
A. Proof of Lemma 7
First, we prove that there exists a constant L > 0, such that

d L
Yw € R — {0} ‘%Arg (pl(jw))‘ < o (46)

Using (13), (46) is equivalent to

Ti(w) L

w?
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Therefore, it suffices to find a constant L. > 0, such that

-1 1-1
Z a(l,k)o.)zk'i'2 <L Z a(l,k)w% + Lw? 47)
k=0 k=0
-1
=L (a(l,o) + Z a(l,k+1)w2k+2>
k=0
-1
<Ly aqrpnw™ T (48)
k=0

(To derive (48) note that a(; ;) = 1). Clearly, with

L := max {M}
0<k<I-1 A(1,k+1)
(47) and therefore (46) holds. Moreover
(k+1)

(I —k)
<420 = k) (k+1) < 4(I* +1).

AR 991 — 2k — 1)(20 — k)
A(1,k+1)

Therefore, with L = 4(I?> + 1), (46) holds. The desired result
follows immediately from (46) and (17). Proof is complete.

B. Outer Parameter-Dependent Filter: Proof of Existence and
Satisfaction of Properties

Proof: (of Lemma 10): First, consider ¥, (1)
W, (1) = Arg (1 ([ — 1jiws)) — 27 + [ + 1.

Note that there exists a 31 > 0 such that Arg(pi([r — 1]jw,)) =
Arg(e~[F=1iwe) 4 B, where 3; > 0 inequality results from
inequality (18). Therefore

U,(1) = — [k — 1w, + B1 — 27 + [k + 1w,
:2(wa—7r)+ﬁ1 >0

where the inequality follows from 31 > 0 and w, > w. Denote
p := max(1, x/1.8). Then:

™

1]

wh

M<<18<14 Vi>3
I
i < k.

Note that

o (2) (o (- )m)

+Arg <pl <2Sjwo)> + [k + 1]w,.
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Furthermore, there exist 3o > 0 and 33 > 0 such that

K . 2K
Al‘g <Pl <2;on>> = - 7w0+/827 /82>0

o (o () ) ) = (5 Y s
% 1

Then

II’o <ﬁ> =Wy <1_E)+/82+/33
H 2
<w, <1 - g) + 2 max ([, B3).

From Lemma (8), we have

oF i, | —e—25iwe| < o (2HWo L o
Y4 M] o 4l+2[1/

20+1
o Yews i — 1

12 k2 Jwe e (mmi)iwe | oo (ZECW T 2 .
1 44+2 2p

Therefore, if

where

yi=max| —,——
po2p

then 2 max(f2, #3) < wo((k/p) — 1) and V,((k/p)) < 0.
Since the right-hand side of (25) is bounded from below by
(1/2)m((k/p)— 1), and the left hand side can be made arbitrary
small by increasing the Padé order, for a high enough Padé order,
the inequality can always be satisfied. Since ¥, («) is a contin-
uous function of a, ¥, ((k/p)) < 0 and ¥, (1) > 0 imply that
there exists at least one o* € (1, (x/u)) such that ¥,(a*) = 0.
From (d?/da?)V,(a) > 0, min{a*|l < a* < K, V,(a*) =
0} exists which we label as «,. We will now refer to the value
of [ chosen above as I/}. Since (25) is automatically satisfied for
any value of | > [, the existence of v, € (1, k) forevery | > %
is assured. [ |

Proof: (of Lemma 11): From Lemma 6, |p;(jw)| = 1,
Vw € R. Therefore, |h,(0, jw)| = |e=77| and only the argu-
ment need to be considered in proving the result. First, consider
the case where 0 < w < w,. = w,/(a,b). We only need to
demonstrate that

Arg (ho(b, jw)) SArg(e_?j“’) <

Arg(e ™) <Arg (ho(0,jw)), w € [0,w.). (49)
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Since h, (0, ) Tm — @, b]s), from inequality (17) we have

=pi([

L Axg (ho(0,50)) > = [

T — a,b] >
—[rm —b] =

Yw > 0.

-

Then, the rightmost inequality of (49) follows directly since
(d/dw) arg(e™™%) = —1. Now, consider the leftmost in-
equality of (49). Since Arg(pi(jw)) is convex for 0 < w,
Arg(ho (b, jw))= Arg(pi([7m — aobljw)) + Arg(p 20,bje))
is also a convex function of w. Let ¢, (w) := Arg(h,(b, jw)) —
Arg(e77™)=  Arg(ho(b, jw)) + Tw. Since ¢,(0) =
Ga(owe) = 0and (dd,(w)/dw)|w=o = —[Tm + aob] +7 < 0,
convexity of ¢, (w) yields ¢,(w) < 0,w € [0, a,w.]. Since
[0,w:) C [0, aow.] the leftmost inequality of (49) is satisfied
for 0 < w < w.. Now, consider the case where w > w,.
Then, (h,(f,jw)) takes all the values on the unit circle for
0 < 6 < b. Therefore, for every 7,36 € (0,b], such that
eI = h,(0, jw). ]

Proof: (of Lemma 12): For w > (m/b), Qq(w) contains all
points on the unit circle, so h, (8, jw) € Q4(w) for any @ in this
case. For w < (7/b), the desired result is equivalent to

—(k+ 1o < ®y(f,0) < —(k— 1o Yo<m  (50)

where
3,(0,0) = Arg (Pl (Ix — liv) p (zao%jv)) |

Choose f = (b/a,). Then, (d/dv)®,(6,v)],—0 = —(K—a,)—

—(k+1)+(ap—1) > —(k+1). Since (d*/dv?)®,(0,v) >
0, the left inequality in (50) is satisfied. Furthermore, to establish
the right inequality, it suffices to demonstrate that ®,(6,w,) <
—(k = 1w, since ®,(6,0) = 0, (d/dv)®,(0,v)|v=0 < 0, and

(d?/dv?)®,(0,v) > 0. First, notice that
0 .
Arg | pi | 2007w, | | = Arg (pr(2jw,)) = =2
From

Arg (pi (j[k — aolwo) pr(j200ws)) = —(k + 1w,
we have
Do(f,wo) = — (k4 Dwy — 21 — Arg (p1(j200w,))

q)o(ngt)) < —(h—Dw,+2 (ao -1- 1) Wo.-

Wo

Since for I > 1%, ol < 1+ (w/w([,l]), we have ®,(6,w,) <
—(x — 1)w,, which guarantees the desired result. ]
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Proof: (of Lemma 13): Define v := (kK — [l])w([,l],

([,l]wy], Ry = {1 — e/pi(jv)}, and Ry :=
{1 - e“"pl( jw)}. Tt is straightforward then to verify that
R1R2 — Rl — R2 = ej[v+w]pl(j?))pl Jﬂ)) — 1. From
1) and (22), pi(jo)pi(jw) = e J[ﬁ+1lw " and, therefore,
le?ltely, (jo)p (jw) — 1] = (1=af — 1, yielding

w =

e~

(1ol
‘e i(1-abl)wl —1‘ < [Ra[Ra| + |Ry| + [ Ry

or, alternatively
ol
2sin [ay]—l}% < |Ry||Ro| + |Ru| + |Ro|.  (51)

Also, note that |Ry| = |e77V — p(jv)| and |Ry| = |e™I* —
p(jw)|. Then, from Lemma 8, we have

2(+1 2l+1
-1 —
T R
we

2[+1 20+1
2Kkme [z]
Ry| <2 2 (20 = 2R,
IRzl < <41+2> < <21+1>

Clearly

o1l 1 il

hm Ry = R2 =
Furthermore, for [ > 7, we have
l<all <14 — [l]
It then follows that [a m_ 1 (w [11/2) € (0,(w/2)). From the

inequality 2y < 7sin(y), Yy € (0

et < (- )

Now, employing (15) and simplifying the previous inequality,
we have

,(7/2)) we have

2w[l]

||[R2| + |R1| + | Ra.

ot-1]2

Then, from 7 < wy]

Clearly

we have [ag] 1] < 2R[I]R[l] +R[l] [2”.

lim a[ol] =1.

l—o00
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C. Proof of Lemma 17 Case ii):

First notice that

(7’m —O%_b)w

Arg {ho(8, jw)} =Are {p1 ([ — atobljw) pr(2007w)} L<osw| [ 1| = 2sup |w|b< m_ m)
. 1 . 2 . w w L
Arg {hi(0, jw)} =Arg {pz <[Tm— ;b} Jw)pz <59.7w> } : (T —aob)w i
' ' W, Rl
267/ 1 2V (R ( )
Since |ho(0, jw)| = 1 and |h;(0, jw)| = 1, we have < —\/—l <a[l] - W) 1 .
(Tm — aL]b) oy (Tm — a[o]b)
170(,5) = hi(0,5)l|
= sup |2sin <Arg {ho(f, jw)} — Arg {hﬂf),jw)}) ‘ Therefore, an upper bound on 1, forallw € R, is given by
weR 2
(rm=b)e g > a1 +1) (BY 4+ B
< 25Up,eR / d—Arg {pi(jv)}| dv I < 2by/4(2 + 1) (R[l] R[l]) ( )
(Tm—aob)w v (Tm - oa[;l] b) (Tm — Ol[ol] b)
I
2aofu . We now, turn our attention to /o
+ 2 sup ——Arg {pi(jv)}| dv|.
weR 2 9w dv
h }: 2a,60w
I, < 2sup min <1, —2> dv| .
Using (19), an upper bound for both I; and I> can be found in weR | v
the following way: a; 0w
(rm—Zb)w Consider the two following cases:
L
I, < 2sup / min <1, —2> dv| .
weR v . aVL .. VL
(Tm—aob)w ) |w| > 20 ii) 20 > |wl.
Now, consider the two following cases: Case i)
VL VL
> , i
Y |w| (Tm - O‘ob)/ W ( m Oéab) g |W| 2o [ 1
I, < 2sup dv| = 2 sup < Zl — —)
Case 1) weR | A 2 26|w| a,[)l]
()
I, <2sup / %dv Since 26|w| > a;V' L, we have
weR ( ) v
<YL (o2 <2\/—( [.”)'
<oz[l] — L) o i [l] g
bL ° 2 ’
=2sup @l - .
w (Tm _ %b) (Tm — ag]b) Cases ii):
Since |w|(7m — aob) > V'L we have 2o bw 1
I <2sup / 1dv| = 46|w| <ao — —>
w€ER ;
Il S 2b\/f <Ol([)l] . %) %Z_Hw
_ 1 o 1 .
(Tm ol b) < 20,V L <a0 — —> < 20,V L (R[l] REI]) .
Qg
2bv' L — —
<L (707 (5
(Tm _ % b) Therefore, an upper bound on /5, for all w € R, is given by

UL -, 5l
where (52) follows from (26) and (31). I < 20;\/4(1% +11) (Ro + R; ) < Aday(l+1) (Ro + R; ) -
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‘We have

[1ho(0,8) = hi(0, 5)ll oo <o+ I

<b|a;+ (I+1)

o
(5 - o)
x (B +R).

It is clear that the right hand side of the above inequality goes

to zero as [ goes to infinity. Therefore,

llim L+1L=0,=> llim [lho(8,5) — hi(8,5)|| ., = 0.
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